
JOURNAL OF PROPULSION AND POWER

Vol. 21, No. 2, March–April 2005

Design Issues in Using Integral Textile Ceramic Composites
in Turbine Engine Combustors
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Integrally formed ceramic matrix composite structures are being developed for a range of hot-structure ap-
plications involving active cooling. Integral textile structures offer several advantages: 1) Joints between ceramic
and other materials in hot zones can be avoided. 2) Thin skins (<1 mm) can be formed that are strong and tough,
enabling tolerance of higher heat fluxes and the use of materials, such as oxide–oxide composites, with attractive
environmental stability but relatively low conductivity and high thermal expansion. 3) Compliant structures can
be designed, which can limit the development of thermal mismatch stresses. 4) Fabrication costs can be lowered
by reducing part counts and steps in processing. Preliminary analyses are presented that demonstrate how these
benefits might be realized for an advanced annular combustor. The possibility of a very attractive design space is
indicated, based on reasonable assumptions for heat transfer coefficients for the parameter regime relevant to the
new designs.

Nomenclature
A, B = dimensionless parameters in wall stress

calculation [Eq. (18)]
A1, A2 = constants in one-dimensional heat transfer

model [Eq. (B3)]
a, b = dimensions of transpiration hole (Fig. 5a)
Br = blowing ratio
C , F , G = constants in one-dimensional heat transfer

solution [Eq. (B6b)]
cw = area fraction of walls at their junction

with the hot skin
cw E ′

w/E ′
h = wall area fraction/compliance parameter

D = linear dimension
d = width of cavity, rc − rh

Eh , Ec, Ew = Young’s moduli for hot skin, cool skin,
and wall (or strut)

E ′
h, E ′

c, E ′
w = Eh/(1 − ν2

h ), Ec/(1 − ν2
c ), and

Ew/(1 − ν2
w)

E1, E2, E3 = Young’s moduli in coordinates aligned
with local fiber direction

eg , eh = emissivities of combustion gas
and hot skin

h1, h2 = heat transfer coefficients of hot and cool
surfaces of hot skin

kc, kb = stress concentration factors for
compression and bending

k f , ks = thermal conductivities of fluid and solid
kx , kz = directional thermal conductivities of solid

when anisotropic
L = separation of walls or struts
MP, M0 = bending moments due to pressure drop
Qr , Qc = radiation and conduction heat fluxes
R = geometrical factor in 1D heat transfer

model
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Rc = radius of corner at wall/skin junction
rh , rc = radii of hot and cool skins
r1/2 = range of cooling influence of interior flow

in transpiration hole
Tav(z) = temperature at depth z in hot skin

averaged over skin
Tc, ρc, vc, Pc = coolant temperature, density, velocity,

and pressure
Top = maximum operating temperature

of the material
TR = reference temperature (external ambient)
Ts , T f = temperatures of solid and fluid in

one-dimensional heat transfer model
T1, T2 = temperatures of hot and cool surfaces

of hot skin
T∞, ρ∞, v∞, P∞ = freestream temperature, density, velocity,

and pressure
T far

1 , T far
2 = temperatures of hot and cool surfaces

of hot skin far from cooling influence
of interior flow in any transpiration hole

T̄hot, T̄cool = average temperatures in hot
and cool skins

t = thickness of generic skin
th , tc, tw = thicknesses of hot and cool skins

and walls or struts
t (w)

h = characteristic thickness for attaining
simple asymptotic wall stress

u = coolant velocity through transpiration
holes

x , z = in-plane and through-thickness
coordinates in hot skin

α = coefficient of thermal expansion
β = Stefan–Boltzmann constant
γ = dimensionless parameter for bending

effects [Eq. (5)]
�P = Pc − P∞
ε̄hot, ε̄cool, ε̄wall = average strains in the hot skin, cool skin,

and wall (or strut)
η, η∞, ζ = dimensionless parameters of thermal

stress analysis [Eq. (3)]
λ1, λ2 = constants in one-dimensional heat transfer

model [Eq. (B3)]
µ = viscosity
νh , νc, νw = Poisson’s ratio for hot skin, cool skin,

and wall (or strut)
ξ , ψ = dimensionless parameters in temperature

calculations [Eq. (9)]
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σ tensile
c , σ

compressive
c = critical tensile and compressive stresses

for hot skin
σgradT , σ

(�P)

bend , σ
(T )

bend = contributions to the maximum stress due
to thermal gradients, pressure-induced
bending, and temperature-induced
bending

σ
(1)

hot , σ
(2)

hot = maximum stresses on the hot and cool
surfaces of the hot skin

σ̄hot, σ̄cool, σ̄wall = average hoop stress in hot skin, cool skin,
and wall (or strut)

σP , σT (or σ̂T ) = pressure and temperature driving forces
[Eq. (3) or Eq. (11)]

σ1 = stress component parallel to local fiber
direction

τ
(max)

hot = maximum shear stress in the hot skin

I. Introduction

O VER the last few years, several integral structures formed by
weaving ceramic fibers into complex three-dimensional con-

figurations without significantly degrading the fibers’ strength have
been demonstrated.1−3 The ability to weave three-dimensional struc-
tures, rather than two-dimensional laminates, considerably enhances
the structural performance of brittle matrix composites. Whenever
continuous surfaces of brittle matrix are present in a structure, as in
any two-dimensional laminate, brittle delamination will place strong
constraints on design. An attractive method of avoiding delamina-
tion failure in structures is to deploy fibers in all directions in which
significant loads will arise, including where triaxial stresses exist,
through the thickness of sheets and skins. The attachment of ce-
ramic components to other structural materials such as superalloys
is also very challenging and limits design possibilities and lifetime.
Forming integral structures by three-dimensional weaving of fibers
is far preferable. For example, a hot gas-facing skin can be formed
integrally with walls or struts that connect it to cooler structural
elements. Delamination of the skin and detachment of it from the
supporting struts or walls can be eliminated as failure mechanisms
by proper design. Finally, textile fabrication has been demonstrated
for skins of thickness 1 mm or less.1−3 Such fine-scale structures
have not previously been available in ceramic matrix composites.

One example of an integrally woven structure relevant to turbine
engine combustors is the sandwich structure shown in Fig. 1. A hot
(combustion-facing) skin and a cool skin are joined by integrally
woven pile yarns that can form walls dividing the space between
the skins into channels. The structure is consolidated with a ceramic
matrix.

The hot skin may contain an array of holes for transpiration cool-
ing. The holes are likely to be at least 0.5 mm across to conform
with current industry standards for the avoidance of blockage due
to fouling. The holes can be formed during the textile fabrication
process by repositioning the woven fiber tows in the hot skin. This

a) b)

Fig. 1 Integrally woven all-oxide transpiring structure: a) hot side and
b) right edge of hot side revealing channel structure formed by pile yarns
joining the hot and cold skins.

cost-effective process can be effected without breaking or cutting
fibers and, therefore, minimizes preferential damage initiation at the
holes. In fact, holes formed in this way are likely not to be a signif-
icant cause of strength degradation or fatigue failure because of the
very high levels of notch insensitivity possessed by textile ceramic
composites.

This paper explores some design possibilities for combustors that
exploit integral structures formed from ceramic fibers and matrices
by weaving or other textile fabrication. The design analysis focuses
on transpiring annular combustor structures. One might envisage
such a component as a replacement for superalloy combustor wall
liners in a conventional combustor can. However, more interesting,
an integrally woven transpiring wall might be the critical compo-
nent in a radical, new combustor design, such as a trapped vortex
combustor.4 (In a trapped vortex combustor, fuel and oxidizing air
are held in a vortex flowfield in a cavity adjacent to the main com-
bustor flow path until combustion is well under way and then drawn
out into the freestream. The trapped vortex configuration promotes
flame stability and allows a shorter overall combustor length and a
reduction in the fraction of compressor air needed for cooling. Im-
proved efficiency and reduced NOx emissions can be achieved.) The
details of the combustor design will not be addressed here. Never-
theless, conditions typical of various combustor configurations will
be used to assess the potential for new designs. The possibility of a
very attractive design space is indicated.

Materials of interest for integral textile combustor components
include SiC–SiC and all-oxide composites. In this paper, numerical
estimates are made for material properties representative of the latter
group. The recent advent of two classes of tough, strong, all-oxide
composites has opened new prospects for their use in turbine engine
combustors. Of the two classes, one achieves damage tolerance and
toughness by incorporating weak fiber/matrix interfaces that result
from using monazite, for example, LaPO4, as either a fiber coating
or as the entire matrix5−11 and the other by using a porous matrix
of alumina and/or mullite, which may be strongly bonded to the
fibers.12−16 The fibers of most current interest for both systems are
polycrystalline Al2O3, (Nextel® 610) or mullite/alumina (Nextel
720). Fibers of Al2O3/YAG (polycrystalline or eutectic) or similar
alloys with superior temperature capability may become available
in time.

The strength and toughness conferred by the combination of
Al2O3 and monazite are very stable under thermal exposure.
Figure 2 shows the woodlike, tough fracture mode by which a
sharply notched Al2O3/LaPO4 plain woven panel fails. Data for uni-
directional Nextel 610/monazite composites exemplify the notch
insensitivity of strength that is associated with such a graceful
failure mechanism, even after high-temperature exposure. The re-
tained strength following heat treatment to 1200◦C for 1 h exceeds
500 MPa, which is similar to the pristine strength.1 The Nextel
fibers will degrade at higher temperatures, but the Al2O3/monazite
interface itself is known to be stable for much longer times at tem-
peratures up to 1600◦C (Ref. 17). Because all-oxide systems are
especially resistant to environmental degradation, these data encour-
age the expectation that high strength will survive for long lives in
oxidizing environments (including those containing water vapor,
which is life-limiting for SiC-based combustor components). This
view is encouraged by successful 1000-h tests of porous matrix
composites.18

Fig. 2 Woodlike failure mode of a sharply notched bar of an
Al2O3/LaPO4 plain woven composite loaded in uniaxial tension.
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Table 1 Assumed combustor conditions

Property Symbol Estimated value

Freestream T∞ 2500 K
temperature

Freestream pressure P∞ 630 psi
Freestream velocity v∞ 200 m/s
Freestream density ρ∞ 6.3 kg/m3a

Coolant temperature Tc 1000 K
Coolant pressure Pc 700 psi
Coolant velocity vc 10–30 m/sb

Coolant density ρc 17 kg/m3c

aAir at 2500 K.
bDepends on the optimum blowing ratio (Br = ρcvc/ρ∞v∞);
Br ∼ 0.4 for film cooling, but much less for transpiration cooling.

cAir at 1000 K.

Fig. 3 Schematic of key parameters in design of integrally woven,
double-skin, annular combustor wall.

II. Thermal and Mechanical Loads
Design considerations for thermal and mechanical loads will be

based on the typical axisymmetric geometry shown schematically in
Fig. 3, which is representative of an annular combustor. A freestream
mixture of combusting gases moves across the hot (inner) skin, char-
acterized by pressure P∞, temperature T∞, density ρ∞, and veloc-
ity v∞. Coolant is supplied via the cavity between the hot and cold
skins and is characterized by pressure Pc, temperature Tc, and den-
sity ρc in the cavity. If transpiration holes are present, P∞ < Pc in
ideal operation, so that coolant would flow out into the boundary
layer through the holes. Notation for the main geometrical variables
is shown in Fig. 3. The assumed combustor conditions are those
shown in Table 1. They correspond to relatively high compression
ratios, representative of future rather than current turbine engines.
The combustion temperature T∞ = 2500 K is also relatively high,
especially compared to current power-generating turbines. Some
results will also be presented for T∞ = 2000 K, which is a more
moderate combustion temperature.

Temperature and stress distributions in the combustor liner will
depend on the heat flux from the combustion gases (both radiative
and from turbulent conduction through the boundary layer) and the
mechanisms available for cooling. The radiative component will
usually appear in the design problem as a fixed, system condition: To
first order, it is not affected by changes in the design of the combustor
wall. Heat flux through the boundary layer via conduction depends
on the difference, T∞ − T1, between the freestream temperature T∞
and the temperature T1 of the hot surface of the combustor wall
and the heat transfer coefficient h1 across the boundary layer. Both
T1 and h1 are functions of location (x, y), and both are strongly
influenced by design choices. Similarly, heat removal mechanisms,
including direct cooling by transpiring gases, backface cooling by
the reservoir of coolant (with heat transfer coefficient, h2), solid-
state heat conduction, and distributed reradiation are all subjects of
design optimization.

If the hot skin contains transpiration holes, then the heat transfer
coefficient h1 between the combustion gases and the hot side of the
skin is a very complicated function of many parameters, including
the properties of the coolant and the freestream (density ρ, velocity
v, viscosity µ, conductivity k, etc.), the flow conditions (laminar
or turbulent), the temperature, and the geometry (location of holes,
injection angle, surface roughness, surface curvature, etc.). In the
absence of any universal relation, empirical relations for specific

applications have been established and used to guide design. Un-
fortunately, no data are yet available for conditions that are close to
those that are most attractive for transpiring hot skins fabricated by
integral textile methods.

The heat transfer coefficients for the annular configuration of
Fig. 3 in the absence of transpiration (upper bound for h1) can be
estimated from the Nusselt correlation (see Ref. 19),

Nu ≡ hi D/k f = 0.023Re0.8Pr0.4 (i = 1, 2) (1a)

where

Pr = 0.7, Re = ρ f v f D/µ f

D =
{

2rh (hot side)

2(rc − rh) (cool side)
(1b)

where ρ f , v f , µ f , and k f are the density, velocity, viscosity, and
thermal conductivity of the freestream combustion or coolant fluids
and rc and rh are the outer and inner radii of the cavity. With rep-
resentative dimensions rh = 0.1 m and rc = 0.11 m, the value of h1

calculated for the conditions of Table 1 is ∼3400 W/m2 · K, whereas
the range of values for h2 is ∼500–1300 W/m2 · K.

The net heat flux into the hot surface of the hot skin from ther-
mal radiation, which will be important in many combustors, can be
estimated from the approximate relation20

Qr = egβT 4
∞[(1 + eh)/2]

[
1 − (T1/T∞)2.5

]
(2)

where β = 5.669 × 10−8 W/m2 · K4 is the Stefan–Boltzman con-
stant, eg and eh are the emissivities of the combustion gas and the
hot skin. The gas emissivity is dependent on combustion chemistry,
pressure, and temperature, as well as the dimensions of the combus-
tion chamber. Typical values for hydrocarbon fuels at the conditions
of Table 1 and for a combustor of diameter 0.2 m fall within the range
∼0.5–0.9 (Ref. 20). The emissivity of the hot skin falls within a sim-
ilar range.21 The midrange values eg = eh = 0.7 and a skin surface
temperature T1 = 1473 K lead to Qr ≈ 0.3 MW/m2 for a freestream
temperature T∞ = 2000 K, and Qr ≈ 0.9 MW/m2 for T∞ = 2500 K.
These values will be used in assessing design feasibility.

The midrange values of Qr for T∞ = 2000 K and T∞ = 2500 K are
10 and 25%, respectively, of the corresponding heat flux Q(no transp)

c

due to conduction through the boundary layer in the absence of
transpiration (Q(no transp)

c = h1(T∞ − T1) = 3.4 MW · m2, with h1 as
estimated earlier). An upper bound for Qr , that is, with eg = eh = 1,
at T∞ = 2500 K is 1.6 MW/m2, which is about one-half of Q(no transp)

c .

III. Stress Distribution in Hot Skin
The combination of thermal strains and the pressure differen-

tial between the combustion chamber and the coolant reservoir,
�P = Pc − P∞, will create various stress components in the hot
and cool skins and the connecting walls. Two classes of stress char-
acteristics are of interest: 1) the distribution of spatially averaged
stresses among the three components of the annular configuration,
namely, the hot and cool skins and the joining walls, which are
represented by the hoop stresses in the two skins, σ̄hot and σ̄cool,
and the stress component in the radial direction in the connecting
walls, σ̄wall; and 2) local stress variations, especially through the
thickness of the hot skin and in the vicinity of the skin/wall junc-
tion and transpiration holes. To reveal trends in design parameters,
stress problems are solved by analytical models, for example, sim-
ple beam theory, complemented by numerical results where needed.
Analytical models give accurate guides when certain restrictions are
placed on the material and geometrical parameters. They are at least
indicative of trends in general cases.

For analytical modeling of stresses, the hot skin will be assumed
to rise from a reference temperature TR before combustion until it
sustains a uniform, linear temperature gradient through its thick-
ness, with temperatures T1 and T2 on its outer and inner surfaces
(T1 > T2). (These assumptions will be relaxed in subsequent sec-
tions for analyzing details of the temperature distribution.) The av-
erage temperature of the hot skin will be denoted T̄hot = (T1 + T2)/2.
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The cool skin and the walls will be assumed both to rise to a uni-
form temperature T̄cool, which in most designs will be close to the
temperature of the coolant Tc. (More accurately, the temperature in
the walls will fall exponentially along their length from that of the
inner surface of the hot skin to that of the cool skin. However, for
thin walls in flowing coolant, the characteristic length of the decline
is small, and the whole wall will be nearly at T̄cool.) Provided the hot
skin does not buckle, the distribution of spatially averaged stresses,
σ̄hot, σ̄cool, and σ̄wall, will depend only on the mean temperature of
the hot skin, T̄hot, and not on its gradient, T1 − T2.

Assume that the system of hot and cool skins is weakly coupled
to the surrounding support structure (not shown in Fig. 3) and is,
therefore, free to seek its own mechanical equilibrium. (Whether this
assumption is correct will depend on how the wall/skin system is
attached to other support structure and, thus, coupled to the thermal
expansion of that structure. Methods of weak coupling can be easily
devised.) Assume further that the pressure beyond the cool skin takes
the same value Pc that it has between the hot and cool skins, so that
containment of the global pressure in the combustor is deferred to
the surrounding support structure.

A. Average Stresses in the Skins and Walls
A simple analysis of the average strains in the components of the

system for the stated average temperature distributions is presented
in Appendix A. The resulting average stresses are found to be

σ̄wall = (1/cw)(th/rh){ησP − ησT } (3a)

σ̄hot = −(1 − η)σP − ησT (3b)

σ̄cool = −(th/tc){ησP − ησT } (3c)

where

σP = (1 − ch)�P(rh/th), σT = αE ′
h(T̄hot − T̄cool) (3d)

η = ζη∞/(η∞ + ζ ), η∞ = [1 + (th/tc)(1 + d/rh)(E ′
h/E ′

c)]
−1

ζ = (rh/th)(rh/d)(cw E ′
w/E ′

h) (3e)

and E ′
h , E ′

c, and E ′
w are defined by E ′

h = Eh/(1 − ν2
h ), with νh denot-

ing Poisson’s ratio for the hot skin, etc., and Eh , Ec, and Ew denoting
Young’s moduli in the hot skin, cool skin, and walls, respectively; α
is the coefficient of thermal expansion, which is assumed the same
for the skins and the walls; the skin thicknesses th and tc and the
skin separation d are defined in Fig. 3; cw is the area fraction of the
walls at their junction with the hot skin; and ch is the area fraction
of the transpiration holes in the hot skin.

In Eq. (3), the quantities σP and σT act as driving forces for stress
due to the pressure difference and thermal strain mismatch. The
hot skin, which is the hottest and, therefore, often the most critical
part of the integral structure, bears an average compressive stress
that is the sum of σP and σT weighted by the factors 1 − η and η,
respectively. Because η∞ > 0 and ζ > 0, η < 1 and σ̄hot < 0 always.
The signs of σ̄cool and σ̄wall depend on the relative magnitudes of σP

and σT .
Regimes where either σP or σT is dominant are distinguished by

values of the wall area fraction/compliance parameter, cw E ′
w/E ′

h ,
which is proportional to ζ . For small ζ (compliant walls), η ≈ ζ and
σP dominates, whereas for large ζ , η → η∞ and σT dominates to an
extent determined by the value of η∞. The transition from small to
large ζ can be characterized by the condition η = η∞/2, which is
satisfied when ζ = η∞. Because in most systems σP 
 σT (Sec. V),
the condition

cw E ′
w/E ′

h < {rh/th(rh/d) + (rh/tc)[(rh/d) + 1]E ′
h/E ′

c}−1 (4)

follows for values of the wall area fraction/compliance parameter
for which significant reduction in the stress due to thermal strain
will be achieved by designing compliant walls (η < η∞/2). For very
compliant walls, σ̄hot tends to the term proportional to �P; if the

walls are so compliant that the skins are mechanically decoupled,
the hot skin is still compressed by the pressure drop.

The results of Eq. (3) are independent of the reference tempera-
ture TR because of the assumption that the skin/channel system is
weakly coupled to the surrounding structure. Only the temperature
difference T̄hot − T̄cool appears, and not T̄hot − TR , which would be
much larger and, therefore, lead to larger stresses. Decoupling from
the surrounding structure is, therefore, an important assumption.

B. Stress Variations in the Hot Skin
The stress in the hot skin will exhibit strong variations through

the thickness of the skin, due to the temperature gradient, T1 − T2,
and the bending moments generated by both the pressure drop �P
and the average stress σ̄hot, acting about the skin/wall junctions.
These three gradient contributions are approximately linear through
the thickness of the skin and can be estimated quite accurately by
beam theory. They must be superimposed on the average stress σ̄hot

of Eq. (3b). Their maximum values on the hot surface of the hot
skin are denoted σgrad T, σ

(�P)

bend , and σ
(T )

bend respectively. Further stress
variations arise on the inner corner of the skin/wall junction due to
stress concentration effects that are not captured by beam theory.
They will be dealt with by finite element methods.

Using results derived in Appendix A, the maximum in-plane
stress on the hot (upper) surface of the hot skin in the hoop direction
can be written

σ
(1)

hot = σ̄hot − σgradT − σ
(�P)

bend + σ
(T )

bend (5a)

where σ̄hot is given by Eq. (3) and

σgradT = (αE ′
h/2)(T1 − T2) σ

(�p)

bend = γ σP/3 (5b)

σ
(T )

bend = −γ σ̄hot γ = 3
2 (L/th)

2(th/rh) (5c)

with L the separation of the walls at the hot skin. Because σ̄hot < 0,
the only positive term in Eq. (5a) is σ

(T )

bend, which for likely param-
eters is small, and therefore, σ

(1)

hot is usually compressive.
A similar result can be derived for the stress on the cool surface

of the hot skin at the junction of the skin and a wall, but account
must also be taken here of stress concentration due to the wall/skin
corner. Stress concentration factors kc and kb are defined for uniform
in-plane (compressive) and bending loads, respectively, applied re-
motely to the skin. The definitions refer to the component σ1 of
tensile or compressive stress that lies parallel to the local fiber di-
rection (axis of orthotropy) at any point near the skin/wall junction.
The stress concentration factors represent the ratio of the maximum
value of σ1 to the maximum stress in the skin near but away from
the junction due to either the uniform or bending load. Finite ele-
ment calculations for a simple model of the wall/skin junction show
that the bounds kc < 2 and kb < 1.7 are reasonable design limits
(Appendix A).

Figure 4 shows the distribution of stress over the junction when
the hot skin is loaded in bending. The zone of maximum stress
concentration lies on the inner surface of the radius toward the hot

Fig. 4 Stress concentration effects at the hot skin/wall junction.
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skin and is very thin: ∼0.1 mm in a skin 1 mm thick. A similarly
small zone of stress concentration is found when the skin or the wall
is loaded uniaxially. The smallness of the stress concentration zones
has strong implications for design, as discussed in Sec. VI.

When stress concentration effects are taken into account, the in-
plane stress on the cool surface of the hot skin near the skin/wall
junction is

σ
(2)

hot = kcσ̄hot + kbσgradT + kbσ
(�P)

bend − kbσ
(T )

bend (6)

which may be compressive or tensile. If it is compressive, then no
tensile stress arises in the hot skin.

Equations (5) and (6) are valid only if the deflection is not large.
If the deflections are large, then, for example, the nature of the
divergence ofσ (�P)

bend andσ
(T )

bend implied by Eqs. (5b) and (5c) as th → 0
would be modified by the development of membrane stresses. (This
limitation of beam theory should not be of concern in common
applications.)

Shear stresses also arise in the hot skin. These can be evaluated
very simply by assuming that the skin acts as a Timoshenko beam
(quadratic variations of shear through the skin) and balancing the
beam shears with σ̄wall. This results in the maximum shear stress
estimate

τ
(max)

hot = (3d/4th)σ̄wall (7)

where the wall may be in tension or compression. [Because of the
quadratic variation of the shear stress τ (skin)

zx in Timoshenko beam
theory, its maximum must be 3

2 times greater than its average, which
accounts for the numerical factor in Eq. (7).]

C. Stress Concentration at a Transpiration Hole
Stress concentration effects will also arise at transpiration holes.

However, in this case, no meaningful estimate of the design limit
seems possible without taking into account the details of the tow
architecture. One design maxim, based on accumulated experience
with polymeric textile composites, is that the holes should never
be formed by machining and cutting fibers, but rather always by
separating tows. Such tow separation or spreading creates a sphinc-
ter of concentrated reinforcement around each hole, which can lead
to the periphery of the hole being stronger than the skin far from
holes. The net effect is that, instead of the hole becoming a site of
strain concentration and premature failure, the skin will fail else-
where without strength knockdown. This hole-strengthening effect
has been demonstrated for polymer matrix braids in Refs. 22 and
23. It is very significant in the present design problem.

In this first design analysis, transpiration holes are assumed not
to create stress concentration or strength knockdown.

IV. Temperature Distribution in the Hot Skin
One principal constraint of design optimization is that the max-

imum temperature of the liner, which will usually be experienced
on the hot surface of the hot skin, some distance away from any
transpiration hole, must remain below the operating temperature of
the composite material, Top.

A. Direct Cooling Effect of Transpiring Coolant Flux
Even if the heat transfer coefficient h1 is uniform across the hot

surface, the temperature of the hot skin will vary because of the cool-
ing effect of the coolant flowing out through the transpiration holes
(heat flow from the surfaces of the holes to the fluid). Full analysis
of this effect requires numerical modeling, for example, based on
finite element methods (FEM). Figure 5a shows typical temperature
distributions calculated by FEM around a square transpiration hole,
assuming uniform h1. Periodic boundary conditions have been ap-
plied, as expected for a square array of holes. Dimensional analysis
shows that the temperature fields are functions of the reduced pa-
rameter set {kz/h1th, h2/h1, kx/kz, th/b, a/b, T∞/Tc}, where a and
b are the dimensions marked in Fig. 5a, kx and kz are the in-plane and
through-thickness thermal conductivities of the skin, and all other

a)

b)

Fig. 5 FEM simulations: a) temperature distributions around tran-
spiring hole in hot skin and b) variation of the temperature of the hot
surface of the hot skin with distance from the edge of a transpiring
hole.

nomenclature has already been defined. In the case shown, values
have been used representative of an all-oxide composite (Sec. V),
namely, T∞/Tc = 2.5, kz/h1th = 3.0, h2/h1 = 3.0, kx/kz = 1, and
th/b = 0.25. The hole spacing has been assumed to be such that
a/b = 0.25. Figure 5a demonstrates some useful general features:
1) temperature contours become approximately circular not far from
the hole, 2) the surface temperature becomes very close to uniform
far from the hole, and 3) a characteristic distance r1/2 can be defined
that represents the range of influence of the hole on spatial variations
of the surface temperature.

Figure 5b shows the surface temperature variation predicted by
the three-dimensional model for different ratios of the thermal con-
ductivity anisotropy, kx/kz . As the in-plane conductivity becomes
dominant, the temperature becomes more uniform. However, the
distance characterizing the range of influence of the hole varies re-
markably little. Figure 5b suggests that a useful definition of r1/2 is
the distance from the center of the hole at which the surface temper-
ature is the average of its value at the edge of the hole and its value,
T far

1 , in the far field. This point lies approximately where the three
curves almost intersect in Fig. 5b. With this definition, further sim-
ulations also show that r1/2/a varies weakly with kz/h1th and th/b.
It takes values in the range 1.25 < r1/2/a < 1.35 in all cases. The
single value, r1/2/a = 1.3, will be representative for initial design
studies.

For hole area fractions ch < 0.1, which is the likely regime of
interest, and hole widths exceeding 0.5 mm ≈ th for likely skin
thicknesses, the hole separation will exceed 2r1/2, and therefore,
substantial parts of the hot skin will not be cooled directly by the
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transpiring fluid. An essential design boundary is, therefore, that T far
1

not exceed the maximum operating temperature of the composite
material, Top,

T far
1 < Top (8)

B. Evaluation of One-Dimensional Heat Flux Models
Useful trends and limits can be obtained by a simple one-

dimensional model, which has the advantage of revealing the func-
tional dependence of the temperature distribution on design param-
eters in analytical form. The one-dimensional model is based on
the assumption that all temperatures in the hot skin depend only
on the through-thickness coordinate z. With this single assumption,
temperature gradients in the z direction in both the skin and the
transpiring fluid can be found. Heat transfer is considered between
the skin and the fluid via the lateral walls of the transpiration holes
and the top and bottom surfaces of the skin. The one-dimensional
model is exact in the limits that the transpiration hole size becomes
infinitesimal at fixed hole area fraction, the thermal conductivity
and fluid properties are temperature independent, the solid is homo-
geneous, and heat transfer coefficients are uniform. Details of the
one-dimensional model are presented in Appendix B.

As expected, FEM predictions of the temperature T (z) through
the thickness of the hot skin in the far field almost exactly coin-
cide with those predicted by the one-dimensional model in the ab-
sence of transpiration: The cooling effect of the transpiring fluid
on the lateral walls of the transpiration hole is not felt far from
the hole. Figure 6 shows a comparison of the results from the one-
dimensional and FEM models for T (z) on the inner surface of the
hole and in the far field and the function Tav(z), which is the temper-
ature of the skin at depth z averaged over (x, y). The temperature
calculated by FEM at the hole cannot generally be estimated by the
one-dimensional model; it depends on three-dimensional details of
the temperature distribution. On the other hand, Tav predicted by the
three-dimensional model is slightly higher than but close to T (z)
predicted by the one-dimensional model. They are close because, for
a uniform heat transfer coefficient, as assumed in this simulation,
the one-dimensional and three-dimensional models are satisfying
very similar total heat flux conditions, which are represented in the
three-dimensional model by Tav; the small residual difference lies
in details of the temperature distribution on the inner surface of the
hole. The fact that Tav lies so close to the temperature predicted by
the one-dimensional model implies that the one-dimensional model
will give quite good estimates of total heat fluxes.

The one-dimensional model becomes increasingly accurate as
kx/kz → ∞ and can even predict the temperature inside the hole to
within ±10◦C in cases of interest when kx/kz = 20.

Fig. 6 Comparison of FEM calculations of the variation of tempera-
ture through the thickness of the hot skin with predictions from one-
dimensional model.

C. Thermal Strains from One-Dimensional Temperature Model
A conservative approach to estimating thermal stresses is to as-

sume that the far-field temperatures T far
1 and T far

2 prevail over the
entire skin and substitute them for T1 and T2 in the results for thermal
stresses, Eqs. (3), (5), and (6). For expected hole spacings, this will
be a reasonable approximation. In this limit the one-dimensional
model (Appendix B) gives

T1 = ξT∞ + (1 − ξ)Tc + ξ Qr/h1

ξ = [1 + h2th/ks]/[1 + h2/h1 + h2th/ks] (9a)

T2 = ψT∞ + (1 − ψ)Tc + ψ Qr/h1

ψ = 1/[1 + h2/h1 + h2th/ks] (9b)

With the approximation that T̄cool = Tc, it follows that

T̄hot − T̄cool = 1
2 (ξ + ψ)[T∞ − Tc + Qr/h1] (10a)

T1 − T2 = (ξ − ψ)[T∞ − Tc + Qr/h1] (10b)

Introducing these results into Eqs. (5) and (6) leads to the following
design equations for the extreme stresses in the hot skin:

σ
(1)

hot = −σP [γ /3 + (1 − η)(1 − γ )]

− (σ̂T /2)[η(1 − γ )(ξ + ψ) + ξ − ψ] (11a)

σ
(2)

hot = σP [kbγ /3 − (1 − η)(kc + kbγ )]

− (σ̂T /2)[η(kc + kbγ )(ξ + ψ) − kb(ξ − ψ)] (11b)

where

σ̂T = αE ′
h[T∞ − Tc + Qr/h1] (11c)

is a modified thermal driving force that includes radiative heat-
ing and all other notation has been defined in the text surrounding
Eqs. (3–6). The parameters ξ and ψ depend on the heat transfer
coefficients and thermal conductivity; all other parameters depend
only on geometry and elastic constants.

D. Considerations of Textile Heterogeneity
Both the one- and three-dimensional models describe heat con-

duction through a homogeneous skin. In reality, the heat transfer
problem is complicated by the textile nature of the skin material
and its thermal nonlinearity. The skin is heterogeneous at the scale
of the individual tows (or fiber bundles) in the textile architecture,
and its thermal conductivity is sensitive to porosity and microc-
racking, which will evolve with temperature and stress exposure.
The so-called binary model of textile composites has recently been
developed to provide computationally efficient solutions to textile
problems involving nonlinearity.24−26 In a detailed design study,
the binary model or other such model should be used to investi-
gate local variations in temperature and, therefore, thermal strain.
In preliminary design studies, the assumption of homogeneity is
acceptable.

V. Design Estimates for All-Oxide Combustor Walls
Design estimates will now be developed using the properties

shown in Table 2 for a representative Al2O3/LaPO4 composite of
Nextel 610 fibers in a monazite matrix, with weak interfaces. Ten-
sile strength values have been measured in macroscopic coupons.
Compressive strengths have been estimated roughly in the absence
of firm data. Similar property values have been measured in oxide
composites that are toughened via porous matrices14 and in SiC–SiC
composites,27 the latter having significantly higher thermal conduc-
tivity, but shorter lifetimes in oxidizing combustion environments.
These property data must in time be developed into statistical dis-
tributions and complemented with fatigue and creep data, before
engineering design allowables can be established. They are used
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Table 2 Properties of AI2O3/LaPO4 composite

Property Symbol Estimated value

Tensile strength σ tensile
c 250 MPaa

Compressive σ
compressive
c 250 MPab

strength
In-plane modulus E 100 GPaa,c

In-plane thermal α 9 × 10−6 K−1

expansion
Through-thickness ks 3–6 W/m · K

thermal conductivity
Maximum operating Top 1200◦C

temperature

aFor 0/90 deg plain woven laminate with approximately equal loadings of warp
and weft fibers and total fiber volume fraction of 40% (Ref. 1). Strengths
approximately twice this have been measured for unidirectional composites.

bEstimated value for local compressive failure by kink band formation in a
constrained small volume in the hot skin (∼1 mm3 or less).

cSlightly increased modulus on achieving greater matrix densification.

here in the spirit of exploring new concepts in an initial feasibility
study.

Although correlations suggest that the hot-side heat transfer coef-
ficient might be near 3000 W/m2 · K in the absence of transpiration
cooling (Sec. II), data in the presence of transpiration do not exist.
To inform the present assessment of design concepts, estimates will,
therefore, be made of the range of values of h1 that are required to
achieve sustainable thermal strains and material temperatures. The
required values of h1 will be seen to seem feasible, but the transpira-
tion fluxes required to achieve them must be determined elsewhere.

A. Conditions for Assuring T1 ≤ Top

The maximum operating temperature of the composite, Top, sets
a practical upper bound for T1, the temperature of the hot surface of
the hot skin. Because this must be a fixed limit in any application,
design rules can be deduced by imposing the constraint T1 ≤ Top.
From Eq. (9a), this constraint implies that h1 must satisfy

h1(T∞ − Top) ≤ h2(Top − Tc)

1 + h2th/ks
− Qr (12)

When it is observed from Eq. (9) that (T1 − Tc)/(T2 − Tc) = 1 +
h2th/ks , this condition can be recognized as the conservation of
flux, rewritten to replace T2 by controllable parameters. Because
the right hand side of Eq. (12) must be positive, constraints are
implied on h2 and the ratio ks/th . One must have

h2 > Qr/[(Top − Tc) − Qr th/ks] (13a)

(ks/th)(Top − Tc) > Qr (13b)

Equation (13b) defines a maximum allowable skin thickness in
the limit where h1 is reduced to zero by transpiration (only ra-
diation to be dealt with) and the Biot modulus Bi = h2th/ks is
large enough to saturate the backface cooling (T2 → Tc). Less effec-
tive transpiration or backface cooling would require a thinner skin.
With parameters from Tables 1 and 2 (T∞ = 2500 K, Top = 1473 K,
Tc = 1000 K, and ks = 4 W/m · K) and the midrange value of Qr

from Sec. II (Qr = 0.9 MW/m2), the maximum skin thickness al-
lowed by Eq. (13b) is ∼2.1 mm. With the upper bound radiation
level Qr = 1.6 MW/m2 (Sec. II), the maximum thickness is reduced
to ≈1.2 mm.

For any skin thickness less than this maximum, the condition of
Eq. (13a) defines the minimum required value of h2 to deal with
the radiation flux alone, that is, when h1 is assumed to be zero. The
condition on h2 can be satisfied by controlling the Reynolds number
and mass flux of the coolant between the hot and cool skins. With the
same temperatures and conductivity, a skin of thickness 1 mm, for
example, would require h2 > 700 W/m2 · K for Qr = 0.3 MW/m2

and h2 > 1.2 × 104 W/m2 · K for Qr = 1.5 MW/m2. Although the
latter, extreme radiation level is unlikely to be encountered, these
results highlight the potential sensitivity of the design boundary to
radiation.

Fig. 7 Maximum admissible value of h1 for one representative set of
design parameters as function of cool-side heat transfer coefficient h2
and skin thickness th.

When Eq. (13) has been satisfied, Eq. (12) implies a target value
for h1, which may or may not imply the necessity of transpiration
cooling. Figure 7 shows the limiting value of h1 as a function of
h2 for several skin thicknesses th with the same temperatures and
conductivity and Qr = 0 (no radiation). For th < 1 mm and h2 in
the range 500–1300 W/m2 · K (from Sec. II), values of h1 in the
range 250–550 W/m2 · K are sought. This range lies well below
the value of h1 estimated in Sec. II in the absence of transpiration
(3400 W/m2 · K). Thus, for relatively high combustion gas temper-
atures, T∞ ∼ 2500 K, transpiration cooling must play a key role in
the combustor design. When T∞ = 2000 K, with all else fixed, the
allowed values of h1 approximately double, but transpiration is still
required.

Radiative heating will further reduce the target value of h1,
by the amount Qr/(T∞ − Top). For the midrange radiation level,
Qr = 0.3 MW/m2 (rough estimate in Sec. II for T∞ = 2000 K), this
reduction in h1 is 300 W/m2 · K. For Qr = 0.9 MW/m2 (correspond-
ing to T∞ = 2500 K), the reduction is 900 W/m2 · K. To ensure that
a feasible value results for h1, lower skin thickness, th < 1 mm or
higher h2 may have to be achieved, with the required improvements
quite strongly dependent on T∞.

B. Thermal and Mechanical Stress
Here the total stress in the hot skin at the wall/skin junction,

σ
(1)

hot and σ
(2)

hot , will be analyzed as a function of the skin thickness
th . Unless otherwise stated, the cool-side heat transfer coefficient
h2 is assigned the value h2 = 1000 W/m2 · K; the wall area frac-
tion/compliance parameter cw E ′

w/E ′
h is assigned the value 10−3,

which could correspond to a wall area fraction cw = 0.01, and
an effective wall stiffness that is 1/10th the stiffness of the hot
skin; and geometrical parameters are assigned the values tc = 1
mm, rh = 100 mm, d = 10 mm, and L = 10 mm. Temperatures
are as stated in Table 1; thus the high value T∞ = 2500 K is
used. The hot-side heat transfer coefficient h1 is determined by
the limit of Eq. (12), that is, it is assigned the value that leads to
T1 = Top = 1473 K = 1200◦C in the one-dimensional heat model.
Thus, h1 is not a constant, but varies with th . The hot and cool skins
have equal Young’s moduli.

With the constraint that T1 = Top, the total heat flux
[Qr + h1(T∞ − Tc)] and the temperature distribution in the skin are
fixed for given values of all other parameters [Eq. (12)]. There-
fore, there is no distinction between the effects of radiative heat-
ing and conduction through the boundary layer on the computed
stresses. Equation (10) shows that, to maintain T1 = Top, Qr and
h1 will change in such a way that (ξ + ψ)[T∞ − Tc + Qr/h1] and
(ξ − ψ)[T∞ − Tc + Qr/h1] remain fixed, and therefore, the stresses
in Eq. (11) remain fixed.

Figure 8 shows the variations of contributions to the maximum
stress found on the hot surface of the hot skin, which can be sep-
arated into thermal stresses and stresses caused by the gas pres-
sure drop �p. The thermal stresses can be further decomposed
into a stress arising from the average temperature in the hot skin,
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a)

b)

c)

Fig. 8 Stress contributions to the maximum stress on the hot surface
of the hot skin: a) thermal stresses, b) stresses due to gas pressure drop,
and c) total stress.

−η(1 − γ )(ξ + ψ)σ̂T /2, and one due to the temperature gradient,
−(ξ − ψ)σ̂T /2 (Fig. 8a).

The stress arising from the average temperature in the hot skin can
be controlled by ensuring that the structure is compliant, that is, by
minimizing the wall area fraction/compliance parameter, cw E ′

w/E ′
h

(and, therefore, η). For small cw E ′
w/E ′

h , the stress due to the av-
erage temperature in the hot skin is approximately proportional to
cw E ′

w/E ′
h [Eq. (3)].

The stress contribution due to the temperature gradient van-
ishes when th → 0 because T2 − T1 → 0 and, therefore, the factor
ξ − ψ → 0. For a material with a high coefficient of thermal expan-
sion, such as an all-oxide composite, this is a strong design driver
toward thin skins, for example, th < 1 mm. However, as th → 0, the
factor 1 − γ , which is associated with bending effects, becomes
dominant, and the contribution due to the average skin temperature
becomes positive (1 − γ → −γ ) and diverges. The optimum skin
thickness is found as a compromise between minimizing thermal
gradient and bending effects.

When th → ∞, η ∝ 1/th , γ → 0, ξ → 1, and ψ → 0; therefore,
the stress due to the temperature gradient becomes asymptotically
constant, whereas that due to the average temperature vanishes. For

small th , the stress due to the thermal gradient is linear in th ,

σgradT ≈ (αE ′
h/2)(h2th/ks)[1 + h2/h1][T∞ − Tc + Qr/h1] (14)

The vanishing of σgradT as th → 0 can be traced through Eq. (10b) to
vanishing of the temperature gradient (T1 → T2). Because thermal
stresses due to the temperature gradient can be limited by choosing th

to be small, one design goal should be to mitigate bending effects,
by reducing the wall spacing or by innovative integral structure
design, so that they remain modest for the thinnest skins that can be
fabricated.

Figure 8b shows the stress due to the pressure drop, �P , de-
composed into contributions due to the average stress in the hot
skin, −(1 − γ )(1 − η)σP , and the bending moment generated by �p
about the skin/wall junction, −γ σP/3. Both contributions diverge
as th → 0 because both contain bending effects, but with opposite
signs. Both contributions diminish in magnitude as th → ∞, the for-
mer as t−1

h and the latter as t−2
h . In general, the stresses due to �P

are significant only in setting a lower bound to th . No simple analyt-
ical result is available for the bound, but it will probably always be
substantially less than 1 mm for parameters of interest. Once again,
designs that mitigate bending effects will be helpful.

Figure 8c shows the total stress (sum of thermal stress and me-
chanical stress) at the hot surface of the hot skin as a function
of th . Two families of curves are shown, illustrating the depen-
dence of σ

(1)

hot on the assumed heat transfer coefficient h2 and the
wall area fraction/compliance parameter cw E ′

w/E ′
h . The parameter

cw E ′
w/E ′

h has a significant effect over a range of values of inter-
est for th . Because the heat transfer coefficients are very uncertain,
the generous range 100–10,000 W/m2 · K has been considered for
h2, with significant resulting variation in σ

(1)

hot , but with a range of
values of th always available for which the magnitude of σ

(1)

hot is
acceptable.

The total stress σ
(1)

hot changes sign at some value of th . Therefore,
there is an optimal range of values of th for which the magnitude
of the stress is small. A simple algebraic expression for the limits
of this domain cannot be found. [They are related nontrivially to
the characteristic values of Eq. (14).] Inspection of Eqs. (11) and
(13) shows that they depend on the wall area fraction/compliance
parameter, thermal parameters, and geometrical dimensions.

Figure 9a shows the contributions to the maximum stress ex-
pected on the cool side of the hot skin (near the wall/skin junction),
following Eq. (11). The same contributions arise as for the stress
on the hot side of the skin, but added together with stress concen-
tration factors and different signs. A significant compressive stress
arises for small values of th , traceable to the bending moment due
to the combination of the average compressive stress in the hot skin
and its curvature, σ

(T )

bend. Figure 9b shows the total stress σ
(2)

hot , which
can be either tensile or compressive, depending on the skin thick-
ness. Families of curves illustrate the dependence on h2 and the wall
separation L . Because of the strength of the bending stress, σ

(T )

bend,
the range of skin thickness th for which the magnitude of the stress
σ

(2)

hot is small is somewhat greater than for σ
(1)

hot . Both h2 and L have
significant effects on the limits of the design range of th .

For the material strength expected for an all-oxide composite and
with the assumption that the heat transfer coefficients are attain-
able, a feasible design space (sustainable stress values) in which
both σ

(1)

hot and σ
(2)

hot have acceptable magnitudes exists for hot-skin
thickness in the approximate range 1 < th < 3 mm. However, the
required value of h1 becomes significantly smaller and, therefore,
any required transpiration coolant flux becomes greater as th in-
creases [Eq. (12)], while more stringent restrictions are placed on
the sustainable radiative heating flux [Eq. (13a)]. Therefore, there
will always be advantage in reducing th as far as stress considerations
allow. The key to reducing th is to minimize bending effects.

C. Buckling of the Hot Skin
Because the hot skin is in compression, it can buckle, which might

be considered a mechanism of failure or alternatively a deliberate
design condition for reducing the average compressive stress σ̄hot.
To first order, the critical condition for buckling depends on the
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a)

b)

Fig. 9 Stress contributions to the maximum stress on cool surface of
the hot skin: a) thermal stress and stress due to gas pressure drop, and
b) total stress.

average stress σ̄hot only and not on the bending moments due to
the pressure drop �P and the thermal gradient, T1 − T2. Assume
that the walls are stiff enough that deflections are zero at succes-
sive wall joints. If the wall separation L is much less than rh , the
curvature of the segment has a small effect and the Euler buckling
condition for a flat plate is appropriate.28 For given hot σ̄hot a critical
value of the skin thickness will separate buckling and nonbuckling
behavior,

th/L >
(√

3/π
)√−σ̄hot/E ′

h (σ̄hot < 0) (15)

With Eqs. (3b) and (10a), this yields the design constraint to avoid
local buckling that

th/L >
(√

3/π
)√

(1 − η)(1 − ch)(�P/E ′
h)(rh/th) + (ηα/2)(ξ + ψ)[T∞ − Tc + Qr/h1] (16)

Under the constraint that h1 satisfies T1 = Top, this condition can be
assessed by choosing a value of th , finding h1 and, thus, the state
of stress in the hot skin, and using Eq. (16) to predict the minimum
value t (b)

h of th required to suppress buckling under this stress state.
The results of such a calculation for the same parameter set defined
earlier are shown in Fig. 10. Local buckling can be expected when
the curve for t (b)

h lies above the line t (b)

h = th . For the case considered,
the buckling domain is restricted to th < 0.3 mm. Nevertheless, lo-
cal buckling is obviously possible for other feasible design choices;
it may even be desired as a mechanism for relieving compressive
stresses in the hot skin. This effect can be augmented by design-
ing the skin with an initial deflection. Finite element calculations
show that creating an initial deflection of amplitude L/10 reduces
the maximum compressive stress on the hot surface of the hot skin
by approximately 25% and imposes a substantial additional tensile
load on the cool side of the hot skin. Because σ

(2)

hot is compressive
as th decreases and small th is desirable for thermal management, a
deflected design may be beneficial; however, any benefit is best eval-
uated by three-dimensional analysis when other design parameters
have been set.

Fig. 10 Mimimum hot-skin thickness to avoid local buckling, given
stress state predicted under the constraint that T1 = Top.

Fig. 11 Stress in walls.

D. Wall Failure
The stress in the wall follows from Eqs. (3a) and (9) as

σ̄wall = (1/cw)(th/rh){η(1 − ch)�P(rh/th)

− ηα[(ξ + ψ)/2](T∞ − Tc + Qr/h1)E ′
h} (17)

This function and its decomposition into contributions from the
pressure drop �P and the thermal strains are plotted in Fig. 11
for the same set of design parameters as used earlier and with the
constraint that T1 = Top. As th → ∞, only the thermal strain creates
significant stress, and this approaches the asymptote

σ̄wall → −αE ′
h(T∞ − Tc + Qr/h1)

2cw

AB

A + B
(th → ∞)

A = rh

h

cw E ′
w

E ′
h

B = tc

rh + h

E ′
c

E ′
h

(18)

When th → 0, the component due to the pressure drop tends to
(1 − ch)�P/cw , while the component due to thermal stress tends to
the asymptotic form

σ̄wall → −[αE ′
h(Top − Tc)/cw](th/rh) (19)

The asymptotic limit is approached when th exceeds a characteristic
value given by

t (w)

h = rh

2

T∞ − Tc

Top − Tc

AB

A + B
(20)

The stress in the wall is compressive for all cases of interest.
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E. Local Cracking
A further design question beyond the scope of this paper is

whether microcracking and spalling might occur in small volumes
of material near features that give rise to severe thermal gradients.
One such location is the inner surface of a transpiration hole, where
the cooling effect of the transpiring fluid tends to cause hoop tension.
Whereas excellent resistance to spalling has been demonstrated for
textile composite rocket nozzle liners3 where thermal gradients are
∼2000◦C/mm, whether spalling is suppressed in each new case will
depend on small details of the textile design. This question is the
subject of current research.

VI. Discussion
A. Design Feasibility

The feasibility of a design space has been demonstrated, based on
using the integral textile approach to creating a compliant structure.
Among the benefits of integral textile forming are that thin skins
and compliant structures can be achieved without compromising
strength or integrity.

Achieving thin skins is important for sustaining high thermal flux
loading and for controlling thermal stresses due to the temperature
gradient in the hot skin. For oxide–oxide composites, Fig. 7 suggests
that, for likely cool-side heat transfer coefficients and total heat
fluxes, a hot-skin thickness less than 1 mm is desirable. Equation
(14) suggests that a similar skin thickness is required to control
thermal stresses due to the temperature gradient.

Fabricating a compliant structure minimizes the thermal stresses
due to the average temperature in the hot skin, which are ap-
proximately proportional to the area fraction/compliance parameter
cw E ′

w/E ′
h . For all-oxide composites, cw E ′

w/E ′
h < 10−3 is desirable

and achievable.
The feasibility of maintaining a given material below its allowable

operating temperature Top depends on the values of heat transfer co-
efficients. Unfortunately, while a large body of literature reports the
effectiveness of film and transpiration cooling for rocket and indus-
trial engines (e.g., Refs. 29–34), none of the data have been acquired
under conditions that are representative of the novel annular com-
bustors that have been considered here. Data depend strongly on
parameters such as the testing temperature, the blowing ratio, and
the geometry of the cooled skin, including the transpiration holes.
Some data on film cooling and transpiration through porous me-
dia suggest that values of h1 with order of magnitude in the range
100–1000 W/m2 · K might be attained in a relevant combustor con-
figuration. If so, the design estimates provided here for temperature
and thermal strain management will be approximately correct.

The considerations of Sec. V. A show that the maximum com-
bustion temperature at which an all-oxide composite might be used
without exceeding the material operating temperature will be lim-
ited by radiation heat flux. For the highest combustion temperature
considered, T∞ = 2500 K, aggressive schemes may be required to
increase backface cooling (raising h2), by changing the geometry
or the coolant flux, or else the skin thickness must be reduced well
below 1 mm. The feasibility of either of these approaches is ques-
tionable. For lower T∞, for example, T∞ = 2000 K, the problem
appears more easily managed.

An essential remaining issue is the question of how much cooling
air will be required to attain workable values of h1 in a combustor.
Only the acquisition of relevant data will resolve this question and,
thus, determine the system advantages of ceramic components.

B. Mitigation of Bending Stresses
Figures 8 and 9 show that, for the geometry chosen for this ini-

tial design assessment, stresses of diverging magnitude limit the
minimum allowable skin thickness th to values of 1 mm or more.
Inspection of Eqs. (3), (5), and (6) reveals that all large stresses
at small th , whether originating in the average temperature in the
hot skin, or the temperature gradient through the hot skin, or the
gas pressure drop, arise from bending effects about the skin/wall
junction. The bending effects are a serious challenge for design:
Optimizing the heat transfer problem and minimizing stresses due

to thermal gradients lead to the desire for skins that are as thin as
possible. In weight critical applications, such as aircraft engines,
weight optimization points the same way.

The bending effects depend strongly on the geometry of the junc-
tion, as well as the heterogeneity and anisotropy of the textile ma-
terial from which the junction is formed. One approach to reducing
bending effects is to reduce the wall spacing L; the bending param-
eter γ varies as L2 [Eq. (5c)]. However, reducing L increases the
area fraction of the walls and, therefore, the area fraction/compliance
parameter cw E ′

w/E ′
h , which is undesirable.

A superior approach to mitigating bending effects is to change
the geometry of the walls. The square shape (with rounded corners)
assumed here is in fact unfavorable for bending. Other configura-
tions, such as walls or struts that join the hot skin obliquely, reduce
or virtually eliminate bending stresses. Part of this reduction can
be attributed to reduction of the effective wall modulus E ′

w and
part to reduction of the stress concentration factor kb. Further im-
provements can be expected from the textile nature of the proposed
structures. The trick in avoiding bending stress concentrations is to
carry loads in the walls and the skin by separate fiber bundles (tows),
while integrating the walls and the skin with relatively few fibers
woven in the through-thickness direction. Such textile architecture
will be demonstrated elsewhere. With bending effects strongly re-
duced, the design option of very thin skins, for example, <1 mm, is
opened. The present study highlights the importance of getting the
wall/skin architecture right.

C. Nonlinear Problem in Many Variables
The optimization problem is an interesting challenge because the

problem of heat transfer with transpiration-modified boundary lay-
ers must be coupled to the problems of calculating heat conduction
through the textile structure and thermal and mechanical stresses in
a part in which many geometrical features can be varied in shape and
dimension. Simultaneous account must be taken of thermal strains,
mechanical loads, heat transfer coefficients, total required coolant
flux, radiation, preform architecture, and part geometry. All of these
factors are related to one another in complicated, nonlinear ways.

The heat transfer coefficients (and, therefore, the thermal fluxes)
depend on the sizes of interior cavities in the proposed double skin
structure and the gross dimensions of the combustor liner; for ex-
ample, for an annular cavity with a turbulent flow, the cool-side
heat transfer coefficient h2 can be estimated from Eq. (1), which
indicates that h2 can be raised (which is desirable) by reducing the
gap, d = rc − rh , between the skins, or by increasing vc. The depen-
dence of h2 on rc − rh in Eq. (1) is weak, with h2 ∝ (rc − rh)

−0.2;
however, the joint dependence of h2 on vc and rc − rh introduces the
possibility of adjusting h2 at a fixed value of the coolant mass flux.

Although the heat transfer coefficients depend on the geometry of
the integral structure, the maximum allowed thermal and mechani-
cal stresses set separate bounds on the hot-skin thickness and other
dimensions. Design optimization for thermal strains consists of solv-
ing the coupled nonlinear equations governing stresses [Eq. (11)]
and heat transfer coefficients, for example, Eq. (1), subject to the
constraints of the maximum material operating temperature and sys-
tem requirements, such as the maximum coolant flux. Simultane-
ously, system requirements, especially limitations on the available
coolant flux, set bounds on the achievable reductions of heat transfer
by transpiration, while the maximum allowable hot-skin thickness
depends on the heat fluxes and the maximum material operating
temperature.

The elementary results for temperature distributions and thermal
and mechanical stresses that have been presented here provide a
partial solution to a rich and complex optimization problem. Op-
timization for novel combustor configurations such as the trapped
vortex combustor remains a fascinating challenge.

D. Textile Mechanics and Size-Scale Effects
A second important issue in assessing the design limits imposed

by bending stresses at the junction is that the maximum stresses
extend over quite small volumes. Small volumes of ceramic com-
posites are known to exhibit strengths that may be two to three times
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those of standard coupons.35,36 In tensile tests, for example, strains
of 2–2.5% have been measured over gauge lengths ∼0.2 mm at
notch roots in specimens of woven C/SiC composites, whereas un-
notched specimens of the same material fail at macroscopic strains
∼1% (Ref. 36). The ratio of the maximum local stress to the macro-
scopic failure stress is believed to be similar to that of the strains.
Such a gain in strength relative to coupon data would be especially
significant in dealing with the bending stress concentrations. Test
data, including fatigue and creep data, will decide this question.

Size-dependent strength criteria must be applied to stresses or
strains calculated on the relevant scale, which will be of the same
order as the tow width in the textile reinforcement. A textile model
such as the binary model is required to calculate local strains in
complex textile architectures.24−26

VII. Conclusions
Simple design estimates have been presented for an annular com-

bustor, which show how material and geometrical design choices
control the design envelope. The possibility of a very attractive de-
sign space for advanced combustors based on integrally formed ce-
ramic matrix composite structures has been indicated. Key enabling
attributes include avoiding joints between dissimilar hot materials,
the ability to make robust yet very thin skins (<1 mm), minimiza-
tion of thermal stresses through the use of compliant structures, and
possibly low fabrication costs.

Appendix A: Thermal and Mechanical Stresses
in an Annular Configuration

Equilibrium and displacement continuity conditions for the an-
nular configuration of Fig. 3 may be stated as follows. Consider first
the forces acting on one-half of the hot skin regarded as a free body
(Fig. A1a), namely, tractions on the sections of the skin equal in
magnitude to the hoop stresses, the pressure drop �P acting around
the outer surface of the skin, and the axial stresses in the walls,
which act as normal tractions on the outer surface.

a)

b)

Fig. A1 Free-body diagrams used to analyze average stresses in hot
and cool skins and walls.

Spatially Averaged Stresses
If the walls are sufficiently numerous, their effect can be repre-

sented as a continuous pressure, cwσ̄wall, where cw is the area fraction
of the walls on the outer surface of the hot skin. Denote by wall ε̄wall,
ε̄hot, and ε̄cool the total average strains in the walls and hot and cool
skins, respectively. Then under plane strain conditions,

σ̄hot = E ′
h(ε̄hot − α�Th) (A1a)

σ̄cool = E ′
c(ε̄cool − α�Tc) (A1b)

σ̄wall = E ′
w(ε̄wall − α�Tc) (A1c)

where �Th = T̄hot − TR , �Tc = T̄cool − TR , and the other nomencla-
ture is already defined. Equilibrium of the forces acting on the free
body requires∫ π/2

−π/2

[cw E ′
w(ε̄wall − α�Tcool) − (1 − ch)�P]rh cos θ dθ

= 2E ′
h(ε̄hot − α�Thot)th (A2)

A similar construction for half of the cool skin regarded as a free
body (Fig. A1b) leads to∫ π/2

−π/2

rh

rc
cw E ′

w(ε̄wall − α�Tcool)rc cos θ dθ

= −2E ′
c(ε̄cool − α�Tcool)tc (A3)

where the product rhcw/rc equals the area fraction of the walls on
the inner surface of the cool skin (assuming the walls have constant
thickness). A third condition on the three unknown strains arises
from continuity of displacements,

(1 + εcool)rc − (1 + ε̄hot)rh = (1 + ε̄cool)(rc − rh) (A4)

Equations (A2–A4) can be solved for ε̄wall, ε̄hot, and ε̄cool, and some
manipulation yields

ε̄wall = α�Tc + [(1 − ch)(rh/th)(�P/E ′
h)

− α(T̄hot − T̄cool)](rh/h)[1/(1 + χ)] (A5a)

ε̄hot = α�Th − (1 − ch)(rh/th)(�P/E ′
h)

+ [(1 − ch)(rh/th)(�p/E ′
h)

− α(T̄hot − T̄cool)]cw(E ′
wrh/E ′

hth)(rh/h)[1/(1 + χ)] (A5b)

ε̄cool = α�Tc − [(1 − ch)(rh/th)(�p/E ′
h)

− α(T̄hot − T̄cool)]cw(E ′
wrh/E ′

ctc)(rh/h)[1/(1 + χ)] (A5c)

where χ = ζ/η∞ and ζ and η∞ are defined in Eq. (1d). The average
elastic strains ε̄

(e)
wall, etc., can be obtained from these results by sub-

tracting out the average stress-free thermal strain, α�Th or α�Tc.
The average stresses quoted in Eqs. (1a–1c) follow immediately
from the relations σ̄wall = E ′

wε̄
(e)
wall, etc.

The thermal strain gradient through the hot skin creates
an additional thermal stress σgradT at position z in the skin
(−th/2 < z < th/2). If normal planes through the section remain
normal to the hoop direction (no rotation of planes), then the ther-
mal stress will be independent of x , vary linearly through the skin,
and have the magnitude

σgradT = αE ′
h(T1 − T2)/2 (A6)

on the surfaces. This stress contribution will be compressive on the
hotter surface of the skin and tensile on the cooler surface.

Two further contributions to the stress state arise because the walls
are discrete, which leads to additional bending moments in the hot
skin. The gas pressure drop will generate a bending moment per unit
width MP, which will have a maximum value M0 near a wall given
approximately by

M0 = (1 − ch)�P L2

12
(A7)
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Fig. A2 Bending effect due to average stress in hot skin with radius of
curvature rh.

Fig. A3 Material model for finite element calculations of stress con-
centrations at junction between hot skin and wall; material piecewise
homogeneous and orthotropic, with the direction corresponding to the
locally dominant fiber direction indicated by arrows.

The maximum stress corresponding to the moment M0 is given by

σ
(�P)

bend = (
6
/

t2
h

)
M0 (A8)

and is also compressive on the hotter surface of the skin and tensile
on the cooler surface. Because of the curvature of the hot skin, the
average stress in the hot skin, σ̄hot, creates a bending moment that
is also maximum at the skin wall junction (Fig. A2). The free-body
diagram of Fig. A2 shows that this moment takes the value per unit
width

σ
(T )

bend = 2thδσ̄hot (A9a)

where

δ = 1
8 (L2/rh) (A9b)

Stress Concentration due to the Corner Geometry
Stress concentration effects due to the corner geometry were cal-

culated by the FEM shown in Fig. A3. In the model, the material is
assumed to be locally orthotropic everywhere, as expected for a fab-
ric dominated by warp and weft fibers that locally are approximately
straight. The dominant fiber directions (warp and weft in the woven
fabric) are 1) into the plane of Fig. A3 and 2) as indicated by the
arrows. These are assigned Young’s moduli E1 and E2, respectively.
The third direction is assigned Young’s modulus E3. Wedge-shaped
elements around the radius of the junction represent a continuous
variation of the axes of orthotropy. The fiber directions in the plane
of the figure approximate the paths that plies might take if the junc-
tion were fabricated from two-dimensional plies. This is obviously
an idealization of a three-dimensional architecture, but the results
for stress concentration factors are nevertheless fair indicators of
trends with geometry.

Two sets of calculations were performed for loads applied to the
right end of the skin that would generate approximately uniaxial
compression or pure bending in the skin not far from the junc-
tion. Unixaial compression represents the average stress σ̄hot and
the bending moment either the effects of the pressure drop �P or
the temperature gradient, T1 − T2. Stress concentration factors, kc

Table A1 Stress concentration factors for the skin/wall junction

(E2/E1, E3/E1) Rc/th kw = σ1/σ̄wall kc = σ1/σ̄hot kb = σ1/σb

(0.1, 1.0) 1/4 3.41 2.10 1.77
(0.5, 1.0) 1/4 2.91 2.12 1.78
(0.8, 1.0) 1/4 2.85 2.12 1.77
(0.1, 1.0) 1/8 4.36 2.31 1.98
(0.5, 1.0) 1/8 3.48 2.31 2.01
(0.8, 1.0) 1/8 3.34 2.31 2.01

and kb, are defined for these two loads in terms of the component
σ1 of tensile or compressive stress that lies parallel to the local fiber
direction (axis of orthotropy) at any point. The stress concentration
factors represent the ratio of the maximum value of σ1 to the max-
imum stress in the skin near but away from the junction. A third
set of calculations was performed for a uniaxial stress σ̄wall, applied
along the axis of the wall, balanced by shear tractions in the hot
skin. A third stress concentration factor, kw , defines the ratio of the
maximum value of σ1 to σ̄wall.

The computed stress concentration factors are listed in Table A1
for different relative corner radii Rc/th and anisotropy ratios E2/E1

and E3/E1. The stress concentration factors kc and kb are never very
far from 2, are quite insensitive to the degree of anisotropy, and only
moderately sensitive to the radius of curvature. The concentration
factor kw is larger and depends more strongly on both the degree
of anisotropy and the radius of curvature. Noting that the relative
curvature is probably larger than one-quarter in thin-skinned integral
structures and anisotropy is probably relatively mild, the bounds
kc < 2, kc < 1.7, and kw < 3 are reasonable design limits.

Appendix B: One-Dimensional Model of Heat Flow
Through a Transpiring Skin

Consider the problem of a skin through whose upper and lower
surfaces at z = 0 and z = t are held at fixed, uniform temperatures
T2 and T1, with T2 > T1. A coolant flows through a system of holes.
Let R denote the ratio of the cross-sectional area of the holes at
any position z within the skin to the area per unit length in z of the
surface of the holes. Let h1 denote the heat transfer coefficient for the
hot surface and h2 the heat transfer coefficient for the cool surface
and the interior surfaces of the holes. Assume that the coolant has
temperature Tc everywhere over the cool surface of the skin and is
heated by heat transfer from the skin as it passes up through the
holes. Assume that the temperature fields Ts and T f in the skin and
the fluid (coolant) are everywhere functions of z only. Let ks denote
the thermal conductivity of the skin in the z direction.

From considerations of heat flux conservation, one has

d2Ts

dz2

h2

ks(1 − R)
(Ts − T f ) = 0 (B1)

dT f

dz

h2

Rρccpu
(Ts − T f ) = 0 (B2)

where cp is the heat capacity of the coolant, ρc is its density, and u
is its velocity through the holes. From Eqs. (B1) and (B2)

(Ts − T f )/Tc = A1 exp (λ1z/t) + A2 exp(λ2z/t) (B3)

where A1 and A2 are constants to be determined by boundary con-
ditions and λ1 and λ2 are given by

λ1,2 =


− t

(1 − R)

h2

ρccpu
±

√[
t

(1 − R)

h2

ρccpu

]2

+ 4
t

R

h2t

ks



/

2

(B4)

The boundary conditions that can be used to determine A1 and A2

are

h1(T∞ − T2) = h2(T1 − Tc) + 1 − R

R
ρccpu(T f [z = t] − Tc) (B5a)
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(
dTs

dz

)
z = t

= h1

ks
(T∞ − T2) (B5b)

A1λ1 + A2λ2 =
(

h2t

ks
− t

1 − R

h2

ρccpu

)
T1 − 1

Tc
(B5c)

The solution in terms of T1, T2, and T f |z = t can be expressed in
matrix form,


1
h2

h1

1 − R

R

ρccpu

h2

h1t

ks
+ C + F −F + G −F − C

λ1 − λ2

eλ1 − eλ2
G + C − h2t

ks
− λ1 − λ2

eλ1 − eλ2







T2

T1

T f |z = t




=




h2

h1
+ T∞

h1t

ks
T∞ − F + G

C − h2t

ks
− G




(B6a)

with

C = t

1 − R

h2

ρccpu
F = λ1eλ1 − λ2eλ2

eλ1 − eλ2
G = λ2eλ1 − λ1eλ2

eλ1 − eλ2

(B6b)
Results in the absence of transpiration holes follow by taking the
limit R → 0. Radiation flux Qr on the hot surface can be included
by modifying the boundary conditions (B5a) and (B5b).
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